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$C^{\infty}$ $a(x)\geq 0$ $b(x)$
$\frac{\partial u}{\partial t}=a(x)\frac{\partial^{2}u}{\partial x^{2}}+b(x)\frac{\partial u}{\partial x}$ $(t>0, -\infty<x.<\infty)$ (1)
$(t, x)\in(0, \infty)\cross(-\infty, \infty)$ $N$
$u(t, x)= \sum_{\nu}\mu N$ (l ) $\phi$ ( $\xi_{N}$ (l ))+O $(N^{-1})$
. (2)
$\phi(x)$
$\{\mu_{N}(l\ovalbox{\tt\small REJECT})\}$ $\{\xi_{N}(\nu)\}$ 3 (1)
– $i.e.,$ $a(x)\equiv 1$ $b(x)\equiv 0$
$\mu_{N}(\nu)=\mathrm{t}\mathrm{h}\mathrm{e}$ coefficient of $x^{\nu}$ in $( \frac{1}{6x}+\frac{2}{3}+\frac{x}{6})^{N}$ ,
$\xi_{N}(_{I^{\text{ }}})=X+\sqrt{\frac{6t}{N}}U$
4 $(\nu=0, \pm 1, \pm 2, \cdots)$ . 4
{ $\mu_{N}(\iota^{\ovalbox{\tt\small REJECT})\}}$
$E(t, x, y)= \frac{1}{2\sqrt{\pi t}}e^{-\frac{(x-y)^{2}}{4t}}$
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2.
Taylor
21. $n$ $\mathrm{R}^{2}$ $C^{n+1}$ $f(x, y)$
$f(_{X+h,y}+k)= \sum\frac{1}{\nu!}(\nu=n0h\frac{\partial}{\partial x}+k\frac{\partial}{\partial y})^{1}\text{ }f(_{X}, y)$
$+ \int_{0}^{1}\frac{(1-\theta)^{n}}{n!}(h\frac{\partial}{\partial x}+k\frac{\partial}{\partial y})^{n}+1f(_{X+}\theta h, y+\theta k)d\theta$
2.1 \iota
$F(t)=f(x+th, y+tk)$ $(0\leq t\leq 1)$
22. $C^{1}$ $a(x)\geq 0,$ $b(x)$ $\phi(x)$ $u(t, x)$
$\{$
$\frac{\partial u}{\partial t}\leq a(x)\frac{\partial^{2}u}{\partial x^{2}}+b(x)\frac{\partial u}{\partial x}$ $(t>0, -\infty<X<\infty)$
$u(0, x)=\emptyset(_{X})$ $(-\infty<x<\infty)$
$u(t, x)\leq$ $\sup$ $\phi(y)$ $(t>0, -\infty<X<\infty)$ .
$-\infty<y<\infty$
22 $-$ (cf. [1])
$\frac{h}{k^{2}}=\frac{1}{6}$ (3)
$h$ $k$ $P$ $q$ $||f||_{C^{p,q}}(D)$
$D\subseteq(0, \infty)\mathrm{x}\mathrm{R}$ $f(t, x)$ $C^{p,q}$ supremum norm O
$i.e.$ ,
$||f||_{C^{p,q}}(D)=0 \leq 0\leq\nu\max_{p,\mu\leq q\leq}()\sup_{t,x\in D}|\frac{\partial^{\nu+\mu}f}{\partial t^{\nu_{X^{\mu}}}}(t, X)|$ .
$C_{\ell}$ $a,$ $a^{(1)}.’ a^{()},\cdot,$




$\frac{\partial u}{\partial t}=a(x)\frac{\partial^{2}u}{\partial x^{2}}+b(x)\frac{\partial u}{\partial x}$ $(0<t<T, -\infty<x<\infty)$ (4)
$C^{6}$ $T$ $a(x)\geq 0$ $b(x)$ $\mathrm{R}$
$C^{4}$
$e(t, x)=u(t, x)$
$- \frac{1}{6}u(t-h, x-\sqrt{a(x)}k)-\frac{1}{6}u(t-h, X+\sqrt{a(x)}k)$
$- \frac{1}{6}u(t-h, x+b(x)k^{2})-\frac{1}{2}u(t-h, X)$
$|e(t, x)|\leq C_{2}hk^{2}||u||_{C((}0,3)0,T)\mathrm{x}R+C_{4}hk^{4}||u||_{C^{0}},6_{(}(0,\tau)\mathrm{x}R)$ (5)
. 2.1
$u(t-h, x-\sqrt{a(x)}k)+u(t-h, x+\sqrt{a(x)}k)$
$=2u(t-h, X)+k^{2}a(x) \frac{\partial^{2}u}{\partial x^{2}}(t-h, X)+\frac{k^{4}}{12}a^{2}(x)\frac{\partial^{4}u}{\partial x^{4}}(t-h, X)$
$+k^{6} \int_{0}^{1}\frac{(1-\theta)^{5}}{5!}a^{3}(x)\frac{\partial^{6}u}{\partial x^{6}}(t-h,$ $x-\sqrt{a(x)}\theta kd\theta$
$+k^{6} \int_{0}^{1}\frac{(1-\theta)^{5}}{5!}a^{3}(x)\frac{\partial^{6}u}{\partial x^{6}}(t-h, x+\sqrt{a(x)}\theta k)d\theta$ ,
$u(t-h, x+b(x)k^{2})$
$=u(t-h, X)+k^{2}b(x) \frac{\partial u}{\partial x}(t-h, X)+\frac{k^{4}}{2}b^{2}(x)\frac{\partial^{2}u}{\partial x^{2}}(t-h, X)$
$+k^{6} \int_{0}^{1}\frac{(1-\theta)^{2}}{2}b^{3}(X)\frac{\partial^{3}u}{\partial x^{3}}(t-h, x+b(x)\theta k^{2})d\theta$ ,
$u(t, x)$
$=u(t-h, X)+h \frac{\partial u}{\partial t}(t-h, X)+\frac{h^{2}}{2}\frac{\partial^{2}u}{\partial t^{2}}(t-h, X)$
$+h^{3} \int_{0}^{1}\frac{(1-\theta)^{2}}{2}\frac{\partial^{3}u}{\partial t^{3}}(t-h+\theta h, x)d\theta$
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(3), (4), $\partial_{t}^{2}u=(a\partial_{x}^{2}+b\partial_{x})^{2}u,$ $e(t, x)$ (4)
$|e(t, X)|$
$\leq h|a.(x)\frac{\partial^{2}u}{\partial x^{2}}(t-h, X)+b(x)\frac{\partial u}{\partial x}(t-h, X)-\frac{\partial u}{\partial t}(t-h, x)|$
$+ \frac{hk^{2}}{12}|a^{2}(x)\frac{\partial^{4}u}{\partial x^{4}}(t-h, X)+6b^{2}(x)\frac{\partial^{2}u}{\partial x^{2}}(t-h, X)-\frac{6h}{k^{2}}\frac{\partial^{2}u}{\partial t^{2}}(t-h, x)|$
$+hk^{4} \int_{0}^{1}\frac{(1-\theta)^{5}}{5!}a^{3}(x)|\frac{\partial^{6}u}{\partial x^{6}}(t-h, x-\sqrt{a(x)}\theta k)|d\theta$
$+hk^{4} \int_{0}^{1}\frac{(1-\theta)^{5}}{5!}a^{3}(x)|\frac{\partial^{6}u}{\partial x^{6}}(t-h, X+\sqrt{a(x)}\theta k)|d\theta$
$+hk^{4} \int_{0}^{1}\frac{(1-\theta)^{2}}{2}|b^{3}(x)||\frac{\partial^{3}u}{\partial x^{3}}(t-h, X+b(x)\theta k2)|d\theta$
$+h^{3} \int_{0}^{1}\frac{(1-\theta)^{2}}{2}|\frac{\partial^{3}u}{\partial t^{3}}(t-h+\theta h, x)|d\theta$
$\leq C_{2}hk^{2}||u||_{C^{0}},3((0,t)\mathrm{x}R)+C_{0}hk^{4}||u||_{C(}0,6(0,\iota)\cross R)$
$+C_{0}hk^{4}||u||C^{0}’((0, \iota)_{\mathrm{X}}R)+s\frac{h^{3}}{6}||u||c^{3,0}((0,t)\cross R)$ ;
$\square$
$||u||_{c^{0}},\mathrm{s}((0,T)\cross R)$ $||u||_{c^{\mathit{0},6}(}(0,T)\mathrm{x}R)$
24. $f(x)$ $\mathrm{R}$ $C^{2}$
$(f’(x))^{2} \leq(2\sup|f^{J\prime}|)f(x)$ on R.
. $f’(x)\neq 0$ $h\in \mathrm{R}$
$0 \leq f(x+h)=f(x)+hf’(x)+\int_{0}^{1}(1-\theta)h2f\prime\prime(X+\theta h)d\theta$
Oleinik-Radkevich ([4])
25. $u(t, x)$ $C^{\infty}$ (4)
$u(t, x)$ $C^{\infty}$ $u(\mathrm{O}, x)=\phi(x)$
$u(t, x)$ $C^{\infty}$ $k=0,1,2,$ $\cdots$
$||u||_{C^{0}},k_{(}(0,\tau)\mathrm{x}R)\leq C_{k}||\emptyset||_{C}k_{()}R$ (6)
(5)





$\frac{\partial u}{\partial t}=a(X)\frac{\partial^{2}u}{\partial x^{2}}+b(x)\frac{\partial u}{\partial x}$ $(0<t<\tau, -\infty<X<\infty)$
$u(0, x)=\emptyset(_{X})$ $(-\infty<X<\infty)$ ,
(8)
. $T$ $a(x)\geq 0,$ $b(x)’,$ $\phi(x)$ $\mathrm{R}$




$u(t, x)= \sum_{n=0}\sum\mu_{n}(\nu\nu)e(t-nh, \xi_{n}(U))+\sum_{\nu}\mu_{N}(\nu)u(t-Nh, \xi N(\nu))$ .
$N=1,2,3,$ $\cdots$ $t– Nh\geq 0$




$\int_{-\infty}^{\infty}f(t, y)Pn+1(dy)=\int_{-\infty}^{\infty}Mf(t, y)pn(dy)$ (9)
$(f\in c((0, T)\mathrm{x}\mathrm{R}))$ .
$p_{\nu}(dy)$
$p_{\nu}(A)= \sum_{y\in A}p\nu(y)$ for $A\subset \mathrm{R}$
$M$
$Mf(t, y)= \frac{1}{6}f(t, y-\sqrt{a(y)}k)+\frac{1}{6}f(t, y+\sqrt{a(y)}k)$
$+ \frac{1}{6}f(t, y+b(y)k2)+\frac{1}{2}f(t, y)$
$Pn+1$ $p_{n}$
36. $p_{n}$
$L_{n}=((y_{n}(1)qn(1)) . .. (y_{n}(\ell_{n})q_{n}(\ell n)))$
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– $\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(p_{n})=\{y_{n}(1), \cdots, y_{n}(\ell_{n})\}$ $q_{n}(\nu)=p_{n}(y_{n}(U)),$ $\nu=$
$1,2,$ $\cdots,$ $\ell_{n}$ . $L_{n}$ ( $(y_{n}(\nu)q_{n}(U))$
$(y_{n}(l \text{ })-\sqrt{a(y_{n}(\nu))}k\frac{1}{6}q_{n}(\nu))$ $(y_{n}( \nu)+\sqrt{a(y_{n}(\nu))}k\frac{1}{6}q_{n}(\nu))$
$(y_{n}( \nu)+b(y_{n}(\nu))k^{2}\frac{1}{6}q_{n}(l^{\text{ }))}(y_{n}(\iota \text{ }) \frac{1}{2}q_{n}(\nu))$
$\tilde{L}_{n+1}=((\tilde{y}n+1(1)\tilde{q}n+1(1))$ ... $(\tilde{y}_{n+1}(^{\tilde{p}_{n})(\tilde{\ell})}+1\tilde{q}_{n+1}n+1))$
$\tilde{L}_{n+1}$ :, $\tilde{y}_{n+1}(\nu_{1})=\tilde{y}_{n+1}(\nu_{2})$




$p_{n+1}$ $L_{n+1}$ – , $i.e.$ ,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(pn+1)=\{y_{n}+1(1), \cdots, y_{n+1}(p_{n+}1)\},$ $q_{n+1}(U)=Pn+1(yn+1(\mathcal{U})),$ $\nu=1,2,$ $\cdots,$ $\ell n+1$ .
36 (9) Lisp
37. $n$
$u(t, x)= \sum_{\nu=0}^{n-1}\int-\infty y\infty e(t-\mathcal{U}h,)p\nu(dy)+\int_{-\infty}^{\infty}u(t-nh, y)pn(dy)$ . (10)
. 23 $n=1$ (10) $n=r$ (10)
$\int_{-\infty}^{\infty}u(t -rh, y)p_{r}(dy)$
$= \int_{-\infty}^{\infty}e(t-rh, y)pr(dy)+\int_{-\infty}^{\infty}Mu(t-(r+1)h, y)p_{r}(dy)$
$= \int_{-\infty}^{\infty}e(t-rh, y)pr(dy)+\int_{-\infty}^{\infty}u(t-(r+1)h, y)pr+1(dy)$
23 $\{p_{n}\}$ (10) $n=r+1$ $\llcorner$
38. $N$ $(t, x)\in(0, T)\cross \mathrm{R}$
$h= \frac{v}{N}$ , $k=\sqrt{6h}$
$h>0$ $k>0$




$| \sum_{v=0}^{n-1}\int-\infty\infty e(t-\nu h, y)p_{v}(dy)|\leq C_{2}nhk^{2}||\phi||_{c^{3}}(R)+C_{4}nhk^{4}||\phi||_{c^{6}}(R)$ .
310. $N$ $(t, x)\in(0, T)\cross \mathrm{R}$
$h= \frac{b}{N}$ , $k=\sqrt{6h}$
$h>0$ $k>0$
$| \sum_{0}^{N-1}\int^{\infty}-\infty yn=e(t-nh, y)pn(d)|\leq C_{2}k^{2}||\emptyset||_{c^{3}}(R)+C_{4}k^{4}||\emptyset||_{c^{6}(R)}$






$\frac{\partial u}{\partial t}=\frac{\partial^{2}u}{\partial x^{2}}$ $(0<t<T, -\infty<X<\infty)$
$u(0, x)=\emptyset(_{X})$ $(-\infty<X<\infty)$
(12)




$\frac{\partial u}{\partial t}=\frac{\partial^{2}u}{\partial x^{2}}$ $(0<t<\tau, -\infty<X<\infty)$ (13)
$e(t, X)=u(t, x)$
$- \frac{1}{6}u(t-h, x-k)-\frac{1}{6}u(t-h, X+k)-\frac{2}{3}u(t-h, X)$
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$|e(t, x)|\leq C_{0}hk^{4}||u||_{C))}0,6((0,T\mathrm{X}R$ (14)
24 (14)
$|e(t, X)|\leq c_{0}hk^{4}||\emptyset||c6_{(R)}$ (15)
$\{p_{n}(y)\}$ $\{p_{n}(\nu)\}$
$p_{n}(\nu)=\mathrm{t}\mathrm{h}\mathrm{e}$ coefficient of $x^{v}$ in $( \frac{1}{6x}+\frac{2}{3}+\frac{x}{6})^{n}$ (16)
412. $N$ $(t, x)\in(0, T)\mathrm{x}\mathrm{R}$
$h>0$ $k>0$
$h= \frac{v}{N}$ , $k=\sqrt{6h}$
$u(t, x)= \sum_{n=0}^{N-1}\sum^{n}v=-npn(\nu)e(t-nh, x+\nu k)+v=-\sum_{N}^{N}pN(\nu)\emptyset(x+Uk)$
4.13. $N$ + $(t, x)\in(\mathrm{O}, T)\mathrm{x}\mathrm{R}$
.
$h= \frac{v}{N}$ , $k=\sqrt{6h}$
$h>0$ $k>0$
$| \sum_{0}^{N-1}\sum pnn=\nu=-nn(_{U})e(t-nh, X+\nu k)|\leq c_{0^{k^{4}}1}|\emptyset||_{C}6_{()}R$
$u(t, x)= \sum_{\nu=-N}p_{N}(\mathcal{U})\emptyset(x+\nu k)+o(N^{-2})$
$N\gg 1,$ $k=\sqrt{6t/N}$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}(\phi)<<1$ $\int_{-\infty}^{\infty}\phi(\xi)\exp(-(x-$
$\xi)^{2}/4t)d\xi\neq 0$





$\frac{1}{2\sqrt{\pi t}}\int_{-\infty}^{\infty}\phi(\xi)e^{-}\frac{(x-\xi)^{2}}{4t}d\xi\sim\frac{k}{2\sqrt{\pi t}}\sum_{v=-N}^{N}\phi(x+Uk)\exp(-\frac{(\nu k)^{2}}{4t})$
$= \sqrt{\frac{3}{2N\pi}}\sum_{-v=}^{N}\exp N(-\frac{3\nu^{2}}{2N})\phi(_{X}+\nu k)$
414. $\nu$
$p_{n}( \nu)\sim\sqrt{\frac{3}{2n\pi}}\exp(-\frac{3\nu^{2}}{2n})$ $(narrow\infty)$ . (18)
. $\nu=0$ (18)






$\epsilon_{n}=n^{-1/2+\delta},$ $0<\delta\ll 1$ .
$\log(1-\frac{1-\cos\theta}{3})=-\sum_{m=1}^{\infty}\frac{1}{m}(\frac{1-\cos\theta}{3})^{m}$
$=- \sum_{m=1}^{\infty}\frac{1}{m}(\frac{1}{3}-\frac{1}{3}\sum_{=\ell 0}^{\infty}\frac{(-1)^{\ell}}{(2p)!}\theta^{2\ell})^{m}$
$I_{1} \sim\frac{1}{\pi}\int_{0}^{\in_{n}}\exp(-\frac{n}{6}\theta 2)d\theta\sim\sqrt{\frac{3}{2n\pi}}$ ,
$I_{2}=O(e^{-n^{2\delta}})/6\sim 0$ .
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$0\leq|\nu|\leq r$ (18) (16)
$p_{n+1}(r)= \frac{1}{6}p_{n}(r-1)+\frac{2}{3}pn(r)+\frac{\mathrm{I}}{6}Pn(r+1)$ ,
$p_{n}(\nu)=pn(-\nu)$ $(\nu=0,1,2, \cdots)$ ,
$\nu=\pm(r+1)$ (18) $\square$
,
[1] K. Amano, Maximum principles for degenerate elliptic-parabolic operators, Indiana Univ.
Math. J., 28 (1979), pp. 545-557.
[2] K. Amallo, Approximate general solution of degenerate parabolic equation related to popula-
tion genetics, Electronic Journal of Differential Equations, 1995 (1995), pp. 1-14.
[3] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations,
Springer-Verlag Berlin Heidelberg 1992.
$.[4]$ O. A. Oleinik and E. V. Radkevich, Second Order Equations with Nonnegative Characteristic
Form, Amer. Math. Soc., Province, Rhode Island and Plenum Press, New York, 1973.
[5] D. W. Stroock and S. R. S. Varadhan, Multidimensional Diffusion Processes, Springer-Verlag
New York Inc, 1979.
84
